Symmetric hadron pairs at large transverse momenta as a test of hard scattering models by Baier, Rudolf et al.
Z, Physik C, Particles and Fields 2, 265-277 (1979) 
Ze h~ 
l~r Physik C 
and FNds  
9 by Springer-Verlag 1979 
Symmetric Hadron Pairs at Large Transverse Momenta as a Test 
of Hard Scattering Models 
R. Baier, J. Engels, and B. Petersson 
Department ofTheoretical Physics, University of Bielefeld, D-4800 Bielefeld, Federal Republic of Germany 
Received 24 April 1959 
Abstract. The inclusive cross section of hadron 
pairs produced back-to-back with large transverse 
momenta is examined in the parton model. It is 
shown quantitatively that this cross section is deter- 
mined directly by the hard scattering subprocesses, 
without being influenced by the internal momentum 
of the constituents, even for transverse momenta 
of the order of 2-3 GeV/c. The predictions of the 
phenomenological quark-quark scattering model and 
of the quantum chromodynamics model for the 
back-to-back cross section are compared with recent 
Fermi-lab data. Predictions are made for the corres- 
ponding cross section at ISR-energies. 
I. Introduction 
Investigations of hadron production at large trans- 
verse momenta in hadron-hadron collisions are 
important, because in the parton model they lead 
to otherwise not available information about the 
interaction of constituents [1]. In this paper we 
investigate the inclusive production of hadron pairs 
with large transverse momenta (PT >2 GeV/c) in 
opposite hemispheres, essentially back-to-back in 
the centre of mass system of the incoming hadrons. 
We show quantitatively that this special configuration 
probes the hard, i.e. large angle, scattering of the 
hadron constituents even for transverse momenta 
of the secondaries of the order of PT ~- 2--4 GeV/c. 
This is in contrast o the single particle inclusive 
spectra, for which the model calculations for PT < 6 
GeV/c strongly depend on the treatment of the 
internal transverse momenta of the constituents 
and their scattering at low momentum transfer, 
for which assumptions outside the model are required. 
In Section II qualitative and quantitative arguments 
are given, why the two particle back-to-back cross 
section reflects the pT-dependence of the hard 
scattering subprocesses undisturbed by the internal 
momenta of the constituents. We show that a simple 
formula, which is the "hard scattering" limit of the 
full expression for the symmetric two particle cross 
section, reproduces the latter within 20-30~ for 
Pr > 2 GeV/c. 
There exist recent data of the Columbia-Fermi 
Lab-Stony Brook Collaboration [2, 3] measuring 
the double-arm differential cross section for different 
hadron pairs in proton-beryllium collisions. As a 
consequence of the above result, these data allow 
a critical test of hard scattering models. 
In Section III the phenomenological quark-quark 
scattering model [4, 5] is investigated, especially 
from the point of view of determining empirically 
the quark-quark cross section (at least at 90~ The 
consistency with single particle spectra and the 
quantum number dependence is also discussed. 
In Section IV the quantumchromodynamics odel 
[6-10] is examined. Simple scale-breaking para- 
metrizations ofstructure- and fragmentation functions 
are derived. It is shown that this model may be 
consistent with the existing back-to-back data for 
mesons. The sensitivity of this result o the ingredients 
of the model is discussed. It is for example shown, 
that the constraints on the gluon distribution function 
resulting from a QCD analysis of recent neutrino 
data [11, 12], play a crucial role. Finally predictions 
for the back-to-back differential cross section at 
ISR energies are given. 
II. Symmetric Pair-Cross Section and Intrinsic 
Transverse Momenta of Partons 
l. Qualitative Arguments 
We first give a simple argument o show, that the 
effects of the intrinsic transverse momenta (qT)p/h 
of the partons in hadrons are expected to be much 
less important for the symmetric pair-cross ection 
than for the single particle spectra [13]. For the 
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Fig. 1 a and b. Illustrations of constituent collisions relevant for 
the production of large Pr hadrons, a collision for which the active 
constituents have internal transverse momenta, b collinear collision 
phenomenological description of high PT processes 
a hard cross section of the type da/d f= 1/Pf(g/?) 
and a distribution F~(qT)--either of Gaussian or 
exponential form--damping large (qT)-/h is applied. 
Triggering on a single large pT-jet (l~arton) then 
two complementary mechanisms are present. The 
power behaved d a/df  favours the production of 
the jet at low momentum transfer f, but with large 
intrinsic (q_).~ for the active constituents, whereas 
pin . . 
the damping i n  (qT)p/h prefers partons colhnear with 
the initial hadrons. For the kinematical situation 
shown in Fig. la the invariants g and f are smaller 
than for the situation in Fig. l b, when a jet with 
the same PT is produced. As a consequence the 
magnitude of the predicted single particle spectra 
depends crucially on the tail of the distribution 
in  (qT)p)h, and on the recipes for cutting the singu- 
larities at f equal to zero. For intrinsic momenta 
(qT)p/h of the order of one GeV/c the predictions 
for single particle spectra for PT < 6 GeV/c depend 
on assumptions outside the hard scattering approach, 
as has been discussed by several authors [5, 6, 14]. 
For the two-arm configuration one intuitively 
expects these biases to be minimal, since two opposite 
jets with large momenta have to be produced. The 
collinear configuration (Fig. lb) is therefore favoured. 
One singular configuration with f=  0 can occur, 
namely when two partons happen to have equal 
and opposite large (qT)"h equal to the PT of the 
P 
final state jets. The way o~ cutting out this singularity 
should not be important, since this extreme possi- 
bility is at least suppressed by the square of the 
distribution F~(qT ). Therefore one expects the hard 
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cross section to be relevant already for the production 
of a pair of hadrons with transverse momenta of 
about twice of (qT)e/h i.e. with Pr of 2 GeV/c. These 
expectations are in tact supported by the following 
quantitative t st. 
2. Quantitative Analysis 
The cross section for the reaction A + B -+ C + D + X 
is given in the impulse approximation by 
d6o -
Ec Eo 3 3 
d pc d Po 
= ~dzdz'~dZqT~dZq'TEkE k, 
d 6 (~A+B~k+k" 
d3 kd3 k ' 
i c 5' Dk,(Z,qr), (1) .~Dk(Z, qT)~ 3 0 , , 
z 
where Dkh(Z, qr) is the number of hadrons with 
momentum (energy) fraction z = p '  k /k  2 (z = 
~/z2+ q~/k z) and transverse momentum qr = P -  
zk (qT 'k=0 ) originating from a given constituent 
with momentum k. The jet-jet cross section for 
producing two constituents with momenta k and k', 
respectively, is calculated as 
d 6 ~a + B~k + k' 
EkEk" d3kd3k , 
dXl 
' q lT !  B ~ 2 = 77,  d2qlTd2q    'Ix  ' q2T) 
~ k  z ~  
do "kl+k2-'-rk+k' 
(L f)c54 (k~ + k2 -- k - k'), (2) 
2n  df 
with F~ (x, qT) = y G~ (x, qr) and G~ (x, qr) is the number 
of constituents of type k within a hadron h with 
momentum p(k = xp  + qr ,  P 'q r  = 0 and ~ = 
x~r /p2) .  We further assume the partons to 
have zero mass and to be on mass shell. 
For the following we make 
ansatz 
1. exp( F (x, qT) . 
It ~ qT ) p/h \ 
o (z, qT) = O (z) ( 1 ( 
the factorization 
(3) 
( q~ )h/p}' 
and take as active partons the quarks only. One 
can now fix ( q2 )h q = 0 25 GeV2/c 2, as it is measured 
/ - , . . 
via the jet analysis of electron-positron a nihilation 
[15, 16]. For the intrinsic quark transverse momentum 
2 2 2 2 2 we vary (qr)q/h from 0.25 GeV /c up to 1 GeV /c , 
where this large upper limit comes from the inter- 
pretation of the dimuon high mass data in terms of 
the quark annihilation model 1-17]. The structure 
and the fragmentation functions, f~(x) and D~(z), 
R. Baier et al. : Symmetric Hadron Pairs 
respectively, are taken in scaling form from standard 
fits [18, 197 to lepton data. When the hadrons are 
produced at 90~ rapidities Yc =YD = 0 - - the  
hard scattering cross section d~/dl  is essentially 
probed at angles around 90 ~ i.e. f=  fi =-  g/2. 
For that reason we use the following simple ansatz 
[47, 
da_  const, k~ = ffi{ ~ Ill around 90o~. (4) 
at + T!t 2 ) 
In order to get a strong effect due to the trigger bias 
discussed above a high power n = 4.5 is taken. The 
eight-dimensional integral (1,2) is evaluated by a 
Monte Carlo program. 
The dependence ofthe symmetric pair-cross ection 
d 6 (7 
EcED 3 3 at 90 ~ i.e. with Ip~cl =lp ol = p~, 
d pc d p# 
Yc =YD = 0, tp c = 0 and q~# = n, on the parameters 
m 2 and (qZ)q/h, respectively, is shown in Fig. 2 
for two energies xf~ = 19 GeV and 27 GeV. 
The first essential observation is that indeed the 
shape of the cross section as a function of Pr, 
2 < PT < 4 GeV/c, is not changed when increasing 
t- 
3 
o 
1, 
(3. 
E u >, ~-- 
e1~-1 
a ti." b 
k m 2 = 1.0 GeV 2 \i'. <qT 2 >q/h = 0.95(GeV/c) z
=2~4G,V I \\~ \~;.~s=27.4GeV 
19,46 19.4 BeY 
Q 
- - -  =0.50 - - -  =0.5 '~__~. 
. . . . .  =0.25(GeV/c) 2 ...... Ol  GeV2 \ x~ 
- l I I I .__ 
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PT ( GeV/c ) 
Fig. 2 a and b. The dependence of the symmetric pair cross-section 
d 6 (7 
EcEn~ as a function of Pr = PTC = --PT~ on the para- 
meters (@),~/h a and mo z b for two different energies x/s = 19.4 
and 27.4 GeV 
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(q2)q/h from 0.25 up to 0.95 GeV2/c 2, although the 
d6tr 
magnitude of EcE o 3 3 is decreasing (Fig. 
d Pc d Po 
2a). The ratio of the cross sections calculated with 
(q2)q/h = 0.25 GeV2/c 2 and 0.95 GeV2/c 2 are, how- 
ever, constant within 20% between PT = 2GeV/c 
and PT = 4GeV/c. The variation with respect to 
m 2 has a slightly bigger effect (Fig. 2b): changing m02 
from 2 GeV z to 0.1 GeV 2 the cross section increases 
by a factor of three at Pr > ~-2GeV/c, but for 
Pr > 2.5 GeV/c again the shape of the pair-cross 
section becomes fairly independent of the cut-off 
parameter mo z . 
We will now show that a simple expression for 
d 6 a 
EcEo 3 3 derived in the "hard scattering" 
d pc d PD 
limit, namely (qr)q/h --* 0 and (qr)h/q ~ 0, gives 
a good approximation to the full expression (1) and 
(2). In this limit one has 
E E d6a 
c , d 3 po 
1 1 1 dZfk ~ / \ rtrrkl+k2~k+k ' 
IX  - -  XT  | fk2 (X~i ,..,v 
- I Ts \  -TF"  ' ' lr PTC xT 
(g= 4PZc/z2, f= ~ c D u)D k (z)D k, (XEZ)g(Pou t = 0), (5) 
2PTc IPT. I The momentum X E .= - - .  where x r = ~s  and IPTcl 
Pout is the momentum of particle D perpendicular 
to the plane defined by the incoming particles and 
particle C. In case of neglecting the intrinsic momenta 
(qw)q/h and (qr)h/q the Pout-distribution is given by 
g(pout)=5(Pout). With Gaussian distributions for 
(qr)q/h and (qT)h/q, however, one finds (2 )  
Pout 
9(Pout) = V'2 ~ (p2t )  exp 2 (Pout)2 , 
+oo 
g(po.t)dpo.t = 1, (6) 
-oo  
where the mean square of Pout is derived as 
2 (Pout )  = 89 ( q2 )q/h x2 Z2 -F ( q2 )h/q(1 "-F x2) q j .  (7) 
This result follows either from simple geometrical 
considerations ( ee Fig. 3) or from calculating via 
saddle point methods the leading term of the full 
expression (1, 2, 3) in the limit (q2)q/h -+ O and 
( q2 )nlq ~ O. 
In expression (5) the dependence of the pair-cross 
section on (q2)q/h is now contained in 9(Pout = 0). 
d 6 (7 
The dependence of the cross section Ec E o 3 a 
d pc d Pv 
on Pr calculated from (5) for the symmetric onfi- 
guration is shown in Fig. 4, and it is compared with 
the result calculated from the full expression (1, 2). 
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Fig. 3 a anti b. Illustration of the different erms appearing in (7). 
a for the case (qr)n/q = 0 and b for (q,)a/h = 0 
2.0 3.0 4.0 2.0 3.0 4.0 
PT (6eV/c) 
Fig. 4. Comparison of the PT dependence of the symmetric pair 
d 3 a 
cross-section EcE D a ~  calculated from the expression 
d pc d PD 
( l ,2)--sol id curve---and from the "hard scattering" approxi- 
2) mation (5)--dashed curve ( (qr  q/h = 0.95 GeV2/c 2, ( 2 qT)h/q = 0.25 
GeV2/c z) 
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It turns out that the "hard scattering" approximation 
is indeed an excellent one--the deviation from the 
Monte Carlo result is less than 15~o--. Thus for the 
symmetric onfiguration of opposite hadron pairs 
it is not necessary to perform time consuming multi- 
dimensional Monte Carlo integrations, only a one- 
dimensional integral has to be done. Furthermore, 
as one can see from (5), in this configuration--even 
for IPrc] # IPro] - the  cross section is sensitive to 
the behaviour of the constituent two-body interaction 
only at f--fi, i.e. at 90 ~ 
From this investigation we are confident that 
one can apply the "hard scattering" approximation 
for most high PT data on opposite side hadron pairs. 
It should be stressed again that this is not the case 
for single particle spectra, where predictions are 
uncertain within factors up to ten for PT < 5 GeV/c 
[5, 6]. 
We will now use the formula (5) to compare two 
models with the recent FNAL-Stony Brook-Columbia 
data on hadron pairs [2, 3]. 
IlL Phenomenological Quark Quark Scattering 
Model 
In this model [4, 5] one assumes that quark-quark 
collisions dominate the production of high transverse 
momentum particles. The structure functions of 
quarks within the initial hadrons fq(x) and the 
fragmentation functions of quarks into hadrons 
Dh_(z) are determined (in scaling form) from experi- 
mental lepton data. For the following analysis the 
parametrizations forfi(x) and Dhq(Z) are used as given 
in [ 18] and [19], respectively. The elastic quark-quark 
scattering cross-section d~r/d f = 1/f"f (g/f) should be 
determined empirically from some set of large PT 
data, and the model should then give a consistent 
description of all large PT data. 
As discussed above the effects due to the internal 
motion of quarks within hadrons are absent in the 
pair-cross section. Therefore the dependence of 
d~ a 
EcEo 3 3 asafunctionofpr=[Prcl=lProl--  
d pc d PD 
with fixed XT=2pT/x/s--alIows one to deduce 
directly the power n and the normalization. Since 
the data on the pair-cross ection only exist at 90 ~ 
we parametrize the quark-quark scattering in the 
form (see (4)) 
da B 
+ 1)" 
For constant ( q2 )q/h >~ 2 (qr)h/q this corresponds 
according to (5) to 
d6a symm. 1 f(XT) EcED 3 3 - -  npair , (8) d pc d PD Vr x/((q~)q/h 
with  //pair = 2n + 1. The single particle cross section 
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Fig. 5, Comparison of the data [2] for the symmetric pair cross- 
section versus x r of the process p + Be--* r~+~z + X at three 
different energies (P~u = 200, 300 and 400 GeV/c) with the pheno- 
menological quark-quark scattering model. Two hard cross- 
60 mb GeV 7 
sections d~r/df are chosen, do~dr (k~. + 1) 4.5 (solid curve) and 
3.4 mb GeV 5 
d a /d f=-  (dashed curve). The curves are evaluated 
(k~ + 1) ~,~ 
aty=O 
behaves as 
o_  O(XT) (9) 
with n,,,g,, = 2 n, when the internal transverse momen- 
ta of quarks are neglected. 
In Fig. 5 the model is compared with the data [2] on 
E d6~ ] 
Ec o 3 - -~ I for the processp+Be-~n ++ 
d pc d Po [symrn. 
rt + X at three different energies ( /) lab = 200,  300 and 
400 GeV/c). The solid curves correspond to n = 4.5 
and B = 60mb GeV 7, the dashed ones to n = 3,5 
and B = 3.4 mb GeV 5. When the power n is fixed, 
the x r dependence is predicted by the model. The 
parameter B is fixed by the data point with x r = 0.24 
at Piab = 400 GeV/c. The values used for the mean 
squares of the transverse momenta are  (q~')q/h = 
0.95 GeV2/c  2 and (q~r)h/q = 0.25 GeV2/c  2. 
For the comparison with the present data [2, 3] 
(Fig. 5) one should keep in mind that the measured 
cross sections are given for a beryllium nucleus, 
and that the data are averaged over bands in rapidity 
centered at y = 0.0, 0.2 and 0.4 for Pl,b = 400, 300 
and 200 GeV/c, respectively. The atomic number 
dependence is only measured at Pl,b = 400 GeV/c, 
where it is observed to be proportional to the atomic 
number A for the symmetric onfiguration of the 
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n + n- pairs [20]. In the model calculations we 
assume the naive A dependence proportional to A 1 
at all energies. The curves in Fig. 5 are all evaluated 
at y = 0. The effect of changing the rapidity from 
y = 0 to y = 0.2 at Plab = 300 GeV/c is insignificant; 
at P~ab = 200 GeV/c, however, the theoretical predic- 
tion at y = 0.4 is smaller than the one at y = 0.0 
by a factor of 1.5 for the smaller x T region and by 
a factor 3 at x r -0.35.  One should note that this 
variation with respect to y only depends on the 
structure functions, since the invariants g, f and tl 
stay unchanged when the rapidities of both particles 
are shifted by the same amount. 
These uncertainties imply that very detailed con- 
clusions can not be drawn. Nevertheless, a high 
power n in the hard cross section seems to be needed, 
i.e. n = 4-4.5. With the quark-quark cross section 
determined from these pair data, one could calculate 
the single particle spectra. However, in the "hard 
scattering" limit the power n = 4-4.5 would be in 
agreement with data (nsingle '~ 8-9, according to (9)), 
while the normalization would be a factor 3-4 to low 
[4, 5]. A naive inclusion of internal transverse 
momenta would not help, because the spectra would 
become steeper, although the effective normalization 
would increase. Of course, changing the power n from 
4.5 to 3.5 the ratio of the pair-cross sections (8) 
between P]ab ----- 200 and 400 GeV/c changes only by a 
factor of 2 at fixed XT, and then there would be place 
for "smearing" effects to improve the single particle 
spectra. In order to quantify the above remarks, 
more data on pair-cross ections at widely separated 
energies are needed. 
Since in the quark-quark model there is assumed 
to be no (flavour) quantum number exchange between 
the active quarks the quantum number correlations 
for different hadron pairs can be uniquely predicted 
once the functionsfff and D~ are determined. However, 
the determination of the fragmentation functions 
for strange particles from e+e--data and deep 
inelastic data are not consistent, as discussed by 
Sehgal [19]. We use his parametrization for D~q(Z), 
but with the normalization increased for a factor 
of two, in order to get better agreement with the 
e+e-~ K•  data [21] for z>0.5,  which is the 
region relevant for our analysis. 
In Fig. 6 the results for n+n- ,K+n - and n+K - 
pairs are compared with the data of [3] at Plab = 
400GeV/c as a function of m'= IPTcl + [P~DI and 
Ap =lp cl-lpTol (particle C is the positively 
charged one). The parameters used are n--4.5 and 
B = 60 mb GeV 7. The difference in the shapes for the 
different pairs as a function of APr is determined by 
the fragmentation functions. The agreement is in 
general good. As the model has approximate factori- 
o(rc+ K - ) + 
zation we predict a(K+K- )_o -~+~+~a(K  It-), 
which is also in good agreement with the atomic 
number corrected ata presented in Fig. 25 of [3]. 
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Fig. 6. Comparison of the data [3] for the pair cross-sections for
n+ n-,K+ n - and n+ K - pairs as a function of m'=pTc + pr D 
and Apt = Prc-  Pro in proton-beryllium collisions at Plab = 
400 GeV/c with the phenomenological quark-quark scattering 
model, da/di = 60 mb GeVT/(k~ + 1) 4.5 
IV .  Quantum Chromodynamics  (QCD)  Mode l  
1. Ingredients o f  the Model  
In contrast to the phenomenological quark quark 
scattering model discussed in the preceding section, 
one assumes in the QCD approach the basic cross 
sections to be given by the lowest order perturbation 
theory [6-10]. In addition to the qq ~ qq subprocess 
one also includes contributions with gluons, qg ~ qg, 
qg ~ ~tg, gg ~ q(1, q?l ~ gg and gg ~ gg. The differen- 
tial two-particle cross sections d a /d f  have been 
calculated by several authors [7, 8, 9]. At fixed angle, 
these cross-section behave as 1/g 2. Thus, for scaling 
structure and fragmentation functions f and D (and 
constant internal transverse momenta <q~))  one 
gets the following scaling laws. The one particle 
cross section behaves like pT4i(XT),  and the back-to- 
back pair-cross ection at q~c = 0 and q>o = n, scales 
like p~5 g(xr)  (compare (5))-- it  should be noted 
that the pair-cross section does not have the naive 
<po.,>. scaling behaviour for fixed 2 
Including scale breaking effects it is usually 
assumed, and proven in the leading logarithm 
approximation [22], that the inclusive quantities 
may be factorized into the cross section d a/d  f given 
by the Born term but with a running coupling cons- 
tant, and scale breaking structure and fragmentation 
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functions, which are universal, i.e. they can be taken 
from other experiments. We thus assume that the 
formula (5) for the pair-cross ection can be written 
as  
d6o  - 
Ec Ev d3 Pc d~ Po ]yc = yD = o,p~ > Iprol,Pour = 0 
1 1 l dz  
T~p;c- ' I '  quarks, JA  ~ '~  ~'JB ~, 
gluon 
dak~ +k2~k+k ' 
Q ) k,(XEZ, Q2). (10) df (~,~,(Q2))DC(z ' 2 D ~ 
In the last equation we assume that quarks and 
gluons have the same intrinsic mean square trans- 
verse momenta i.e. 2 ( qT )q/h = ( q2 )~/" and ( q2 )h/q = 
(qT h/o" The relation between the variable Q2, 
as measured in other processes, and the invariants 
of the hard scattering  and f is still undetermined. 
Several authors have analysed the single particle 
spectra in terms of the QCD model [6 10], and 
they have shown that scale breaking effects in ~,, 
f and D may change the naive pr ~ scaling to an 
effective PT 6 behaviour (for not too large PT)' How- 
ever, if the quarks and gluons have large primordial 
momenta of the order of l GeV/c one expects a 
further steepening of the slope Eda/d3p for medium 
pr(PT<5GeV/c),  at least if one uses on-shell 
kinematics. Thus one can get agreement with the 
observed pr s behaviour and with the magnitude 
of the single-particle spectra. The latter calculation 
is nevertheless quite sensitive to the unknown cut-off 
parameters and to the shape of the "primordial" 
transverse momentum distribution. 
As we have shown in Section II that the back-to- 
back pair cross-section is insensitive to these effects 
it is extremely interesting to explore the QCD 
approach for these cross sections. 
In expression (10) we use as input structure and 
fragmentation functions determined in the following 
way. For the structure functions F2(x,Q 2) and 
xF3(x,Q e) it has been shown from the analysis of 
the recent measurements in high energy neutrino 
interactions that the QE-dependence is consistent 
with QCD [11, 12]. We use these data and their 
parametrization as given by the CERN-Dortmund- 
Heidelberg-Saclay Collaboration i  [12]. The valence 
distribution xF 3 is parametrized in analogy with 
the proposal of Buras and Gaemers [23] as follows 
xF 3 (x, Q2)= (xq(x) -  X{l(X)) 
3 
- mi 'v, + (1  - x)"'; (11) 
with 
qv = 0 .56-  0.92.4g, 
qv = 2.71 + 5.08"4w (12) 
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where 
( lnQ2/A2~ 
g = ln \ l  n Q o/A2 /" 
In the analysis of [12] it is concluded that with 
Qo 2 = 5 GeV2/c  2 values of A in the range A = 0.47 + 
0.11 GeV ( + 0.1 systematic error) are allowed. Fur- 
thermore from the measurements of F2(x,Q 2) the 
total sea contribution is deduced 
xgt(x, Q2) = A (s-)(1 - x) e(~), (13) 
with the initial values at g = 0 
A (0) = 0.99 _ 0.07, 
P(0) = 8.1 _+ 0.7. (14) 
From this and the QCD moment equations [24] 
the authors of [12] have also determined A(s-), P(s-) 
and the second and third gluon moments. For our 
analysis, however, we need an explicit parametri- 
zation of the gluon distribution function. We make 
therefore the ansatz 
x G(x, Q2) _ co(s-)x, fl~)(1 _ x),~(~), (15) 
and use as input at Q~ = 5 GeV2/c 2 
cg (0)= 2.01, q~ (0)= 0, q~ (0)= 2.9 (16) 
o One should note the low value of q2 (0) compared 
to the naive guesses of ~/~ ~ 4-5. This low value 
comes from our parametrization a d the large value 
0 2 of the third gluon moment M3(Qo=5)=0.105 
in E' l ;, i01 given \ M~ (5) ; 
From the QCD moment equations for the second 
and third moments, we get by a quadratic fit the 
following ~-dependence of the parameters 
A(SO = 0.99 + 0.72g + 0.96w 2, 
P(s-) = 8.10 - 1.49s + 5.10s 2, 
c0(s-) = 2.0l - 3.56g + 1.98g 2, 
q~ (s0 = - 1.13 ~ + 0.48s  2 , (17) 
where as input ~t~(s)=2.9+5.08~.g is used. For 
g < 1 we checked that our ansatz is also in reasonable 
agreement with the moment equations with 4 < n < 8. 
The gluon distribution function obtained is plotted 
in Fig. 7 for different values of Q2(A = 0.6 GeV). 
It should be stressed that the results for the large 
Pr pair-cross ection are quite sensitive to the varia- 
tion of G(x, Q2) in the region x ~- 0.5 - 0.8, and that 
our parametrization of G(x,Q z) (15) is certainly 
not unique. Since we need the distribution functions 
for the different flavours eparately, we take Uv(X, Q2)= 
2dv(x, Q2) and ~ -- d = s = g= q(x, Q2)/6. 
For the fragmentation functions, whose QZ-depen- 
dence should also satisfy QCD moment equations 
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Fig. 8. The dependence on z and Q2 of the normalized cross- 
section 1/trdcr/dz for e+e---*  charged pions + X according to 
the parametrization described in the text 
Fig. 7. The dependence on x and Q: of the gluon structure function 
for A = 0.6 GeV according to the parametrization described in 
the text 
[25], the following parametrizations are assumed, 
2 I - z  ~+ 1 - z  O: (z,Q )=~zD, ,  (z, QZ)=~-z O(Z, Q2), 
D (z, Q2) = cq (g) zd~(~)(1 - z) d~ (~) 
D; (z, Q 2) = co (.~) Zd~ (~)( 1 - z) d ~),  (18) 
with input values chosen at Q~ = 25 GeV2/c 2. This 
large value of Q0 z is chosen, because we believe that 
lda  + 
~r dz  (e e-  --, rt X) starts to "scale" a tx /~ > 5 GeV/c. 
The input exponents are chosen according to conven- 
tional counting rules [26], the normalization of 
O(z ,Q~)  such that it is in agreement with the e+e -
data of [15] for z > 0.4. From the second and third 
QCD moment equations the following parameters 
in terms of a quadratic fit a re  obta ined  
cq(g) = 0.50 - 0 ,07g + 0.003 S 2 , 
d q (g) = - 0 .29g + 0 .06g 2, 
d~ (s-) = 1.0 + 0.59 g + 0.05 g2, 
co(g ) = 0.50 - 0 .75g + 0.3832, 
d~ (s-) = - 1.0 - 0 .97g + 0.38g 2, 
d~(s-) = 2.0 + 0.59g + 0.05g 2. (19) 
N 
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Fig. 9. The dependence on z and Q2 of the gluon fragmentation 
function zD~(z) according to the parametrization described in 
the text 
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1 da ~+~-~~ 
The cross section (z, Q2)(= (2 /z -  
6 dz  
1/3)D(z, Qz)) and the function zD~(z, Q2) are plotted 
in Figs. 8 and 9, respectively. The (spurious) singu- 
larity which develops in (19) at z = 0 is not directly 
important for the large Pr application. What is 
significant, however, is the variation of the fragmen- 
tation functions with respect o Q2 for z ~> 0.5. One 
observes that the chosen parametrization gives a 
slow variation of D(z,Q z) in agreement with the 
absence of strong scaling violations in e + e- ~ nX 
[15]. The gluon fragmentation function, however, has 
a rather strong variation with QZ. 
In order to insert the above functions into (10) 
for the pair-cross section one has to choose an ex- 
pression for Q2 in terms of g and L and furthermore 
the parameter A is free. For convenience the same 
relation as in [6] is used in the following, 
2~f f i  /~2 ( = 2 Qz = g2 + Cz + ~lfl at 90~ (20) 
and for comparison the relation 
(22 ffi z = =- = kr( = 89 at 90 ~ (21) 
s 
is applied. 
2. Comparison with Symmetric Pair Data 
The comparison of the QCD-parametrization dis- 
cussed above with the FNAL-data [2] for n+n - 
pairs at the three different momenta (P~,b = 200, 
300 and 400 GeV/c) is presented inFig. 10. We assume 
here the ratio of the nucleus to the nucleon cross 
section to be proportional to A 1. At Plab = 200 GeV/c 
we plot the predictions at y = 0 (solid curve) and 
at y = 0.4 (dashed curve). At Plab ----- 300 GeV/c the 
difference between y = 0.0 and y = 0.2 is insignificant. 
For the parameter A we choose A = 0.6 GeV, 
which gives the best fit using relation (20). However, 
the normalization is sensitive to non-asymptotic 
effects; using relation (21) we have to change A 
to A = 0.45 GeV in order to fit the data equally 
well. These choices of A correspond to a rather 
large coupling constant % in the lower range of 
Pr of the data. For p~.~-2GeV/c, where I f]--- 
12-16GeV 2, we get with A=0.6GeV and (20) 
/ 12n 
c~ _~ 0.4(~s(Q 2) = " , 25 In ~/A z )" The absolute norma- 
lization of the cross sections is approximately pro- 
portional to ~ ~T ~,0/W , we fix <qY ~,g/h 
0.95 GeV2/c 2. 
It can be seen from Fig. 10 that once the normali- 
zation is fixed, the p~. s behaviour of the Born terms 
is sufficiently modified by the scale breaking due to 
% (Q2),f (x, Qa) and D(z, Q 2) to describe reasonably 
the shape of the steep pr-spectra for x r ~> 0.18. One 
should note that in the scaling model one needs 
10-3" 
10-3; 
10-3: 
i0-a4 
10-35 
10-3( 
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Fig. 10. Comparison of the data [2] for the symmetric pair-cross 
section versus x r of the process p+Be~n ++n +X at three 
different energies (Plab = 200, 300 and 400 GeV/c) with the QCD 
model, The solid curves are calculated at y = 0. The dashed curve 
is the prediction for y = 0.4 at P~,b = 200 GeV/c 
r/pair ~ 8-10. Here one gets e.g. at x T =0.26 and 
y = 0 an effective power npair ~ 8.3. Because of the 
rapidity dependence and the unknown A-dependence 
at Plab = 200 GeV/c it is not clear if this power is 
high enough to be in agreement with all the data. 
In order to show the dependence of our fit on 
the structure- and fragmentation functions the vari- 
ous contributions are plotted separately in Fig. 11 
for PLab = 400 GeV/c. In the considered x~-interval 
(x r < 0.3) the process qg ~ qg is the dominant one, 
and it has the correct xr-dependence. Below x r = 0.2, 
the subprocess g g ~ g g is large, larger than the 
quark-quark scattering terms (including ~ q ~ ~ q and 
~- - ,  ~) .  Quark-quark scattering becomes impor- 
tant only for x r > 0.25. The fusion-type processes 
gg ~ q(t and qgt ~ gg give negligible contributions. 
The quark-quark term is rather restricted by 
the neutrino data, and by the electron-position 
annihilation data as discussed above. The range 
of Pr explored in the considered experiment for 
n+rc - pairs corresponds according to (20) to 
20<Q z <60GeV2/c 2, which is inside the range 
of Q2 covered by the lepton data. However, since 
the quark-quark term is smaller than the other 
ones, experimental information on the pair-cross 
section for PT >4GeV/c  and x r >0.25 would be 
needed to check more directly the consistency of the 
QCD-approach. The quark-gluon and the gluon- 
gluon term which give large constributions depend 
crucially on the poorly know x-dependence and 
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Fig. l I .  Contributions of the various QCD subprocesses 
to the symmetric pair-cross section at Plab = 400 GeV/c versus 
xT:qg-* q#( -  ),(Tg ~ gg( .... ),qq--* qq(---)and gg--+ qgl(-...-). 
The sum of these contributions i shown by the solid curve. The 
data at p~ = 400 GeV/c are taken from [2] 
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QZ-dependence of the gluon distribution and frag- 
mentation functions. Using the Buras and Gaemers 
parametrization [23], which has M~ (Q2 = 5 GeV2/c 2) 
smaller than that deduced from the new neutrino 
data, the gluon terms are smaller and we would 
predict a pair-cross section a factor two to three 
below the ~ + re--data. The importance of the quark- 
gluon term is, however, consistent with the analysis 
of the large PT single particle spectra [6-10].  
In Fig. 12 we examine the scale breaking effects 
from %(Q2),f (x, Q2)  and D (z, Q2) separately, starting 
from the scaling formula with % = 0.4, f (x ,  Q2.=_ 5) 
and D(z ,Q 2 =25). In terms of changing the PT 
dependence parametrized by Pr"pai~ at fixed x T = 0.26 
and y = 0 the following powers are gained: A n ,~ = 0.9 
2 _ _..) P2  by 0~ 0~(Q ),Anp, i,-1.2 by_f (x) f(x,Q) and 
Anpai,=l.2 by O(z) -*D(z ,Q~).  The mare scale 
breaking is due to the gluons. In Fig. 13 we show the 
different scale breaking effects for the quark-quark 
term. We deduce at x r = 0.26 and y = 0 A npair = 0.6 
for f(x)--*f(x, Q2), and Anp~i~=0.85 for D(z)-* 
D(z,Q 2) leading to a total power of np, i~ = 7.35, Of 
course, these powers cannot be directly extrapolated 
to other values of PT and x T. In Fig. 14 we show 
predictions for pp --* rc ~ rc ~ X in the symmetric back- 
to-back configuration at y=0 for ISR-energies 
and for a large Pr range up to Pr = 10 GeV/c. Since 
at these energies the deviationg from the Pr s behavi- 
our in the single inclusive n~ have been 
10 -31 
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10-3- 
10-3~, 
10-35 
I i I 
d6o " 
E~ L 2 dP 3 dp~ (cm:t  GeV-4) 
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..\ 
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Fig. 12. Illustration of the scale breaking effects in the symmetric 
pair-cross section at y = 0.0 and two energies (Pl,b = 200 and 
400 GeV/c). The scaling formula is given by the dashed curve 
with % = 0.4 andf (x ,  Q2 = 5) and O(z, Q2 = 25). The dotted curve 
results from changing r into %(Qz), the dashed-dotted one from 
changing in addition f(x) into f(x, Q2) and the full curve from 
changing D(z) into D(z, Q2). The data at Plab = 200 GeV/c have 
y = 0.4, those at Pt,b = 400 GeV/c are at y = 0.0 
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Fig. 13. Illustration of the scale breaking effects in the symmetric 
pair-cross ection, when only the elastic quark-quark subprocess 
is taken into account. The dashed curve represents the scaling 
expression with %=0.4,  f(x, Q2=5) and D(z, Q2=25). The 
dotted curve results from changing % into %(Q2), the dashed-dotted 
one from changing in addition f(x) into f (x ,Q  2) and the full 
curve from changing D(z) into D(z, (21). The data are as in Fig. 12 
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Fig. 14. Prediction of the QCD model for the symmetric pair- 
cross section versus Pr for pp ~ n~176 at ISR energies, x/~ = 53 
GeV (dashed curve) and xfs  = 63 GeV (solid curve) 
measured for the first time [27, 28], it seems inter- 
esting to look at the PT dependence of the pair- 
correlations. According to our parametrizations we 
would expect an effective pT-power at y = 0 forw/~ of 
53 to 63 GeV of np~i, = 7.2 at x T "-" 0.1 decreasing 
to npa~ = 6.8 at x T ~- 0.3. 
3. Quantum Number Correlations 
In order to check further the consistency of the 
QCD-model with data, we calculate pair-cross sec- 
tions involving K +, K - ,  p and/5. For this calculation 
we need the corresponding fragmentation functions. 
At Q2 = 25 GeV2/c 2 the following input is used, 
D~ + K + ~+ =D~ =0.4D  , 
+ oF . . . .  0.4D a , 
4-~+ + = =0.  o .  , 
D~ = 2D p = 0.5 (1 + z)( 1 _ z)3, 
z 
- 2D~ =0.5(1 z)'/z, Ou -  
D~ = D~ = 0.29 (1 - z)4/z. (22) 
The powers of (1 - z) are taken from the counting 
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rules [26]. The normalization parameters of D~ are 
chosen to fit the absolute normalization of the K + n-  
pair data of [3] and the value of around 0.4 is also 
consistent with the SU(3) breaking observed in 
other reactions. The normalization of D~ is deter- 
mined from the momentum sumrule. The Qz_ 
dependence is then deduced from the QCD moment 
equations, in the same way as for the pion fragmen- 
tation functions. 
The model is expected to have in first approxi- 
mation the factorization property 
da(CaOl) da(CiD2) 
dtr (C  2 Ol) - da(C z Da)" 
However, only the integrands in (10) do factorize 
for a given subsprocess, and if the fragmentation 
functions have different shapes, the cross sections 
do not factorize xactly. We get, e.g. 
da(p~) ~ 1.8 da(pn-)  da(~+/~) - da(n+~ -) f~ 
Furthermore the model predicts a pr-dependence 
at fixed x T which is not very different for different 
hadron pairs. 
A comparison with the data [3-] is shown in Fig. 15. 
It can be seen, that the n+K - and especially the 
p~z- spectra have a less steep pT-dependence (m'= 
[PTc[ + [PTo[ than the data. The pn-  spectra are 
also lower in normalization than the data. Contri- 
butions from CIM subprocesses would be in the 
right direction to remedy these discrepancies [29]. 
With respect o the A PT = ] PT + I - - [P r - [dependence  
one has to remark that the asymmetric behaviour 
predicted by the model for the pro- pairs is indicated 
by the data at m'~ 6.6 GeV/c. 
Due to the fact that the data only exist at one 
energy (P~ab = 400 GeV/c), the Pr and x T dependences 
cannot be separated. Furthermore nuclear corrections 
are not made. It would be very interesting to have 
more extensive data on the quantum number depen- 
dence of pair-cross sections in order to check in 
more detail the above predictions. 
V. Summary and Discussion 
In this paper it is shown that measurements of the 
cross section for a pair of hadrons produced back- 
to-back at large Pr, i.e. the symmetric pair-cross 
section, are extremely useful to test hard scattering 
models. The inclusion of internal transverse momenta, 
and the corresponding possible inclusion of parton 
scattering at low f and ~, which has been much 
discussed for single particle spectra, are apart from 
an overall normalization factor unimportant for 
this cross section already for moderate PT" This is 
shown quantitatively by comparing the results of 
the simple formula for the pair-cross ection in the 
"hard scattering" limit with Monte Carlo integrations 
of the full expression containing various assumptions 
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about (q~)p/h and the cut-off parameter m 2 for 
f~f -m 2. The "hard scattering" limit is good 
within 20-30~ for p~ >~ 2 GeV/c. For the single 
particle cross section the results of the hard scattering 
formula re modified by factors 5-10 in this range of 
PT, but modifications outside the hard scattering 
limit are certainly ambiguous. We propose therefore 
careful measurements of the symmetric pair-cross 
sections at moderate pr and at several energies, 
which should test directly the models for the hard 
cross section of the subprocesses. 
One set of data of this kind already exists. As an 
illustration of the formalism we compare two models, 
a scaling one (the quark-quark scattering model) 
and a model based on QCD. For a scaling model 
the prediction is fairly simple: 
EcEod6a/d3pcdapo [symm =f(xT)/PT pak, F/pair = 2n + 1, 
where n is the inverse power of f in the hard scattering 
cross-section atfixed angle. Because of the unknown 
A-dependence and the possible y-dependence of the 
Plab = 200 GeV/c data we can only determine npair 
to be between 8and 10 forf(xr) given by the model. 
The normalization of the hard cross-section as 
determined from the pair data within the pheno- 
menological quark-quark model gives in the "hard 
scattering" limit for the single particle spectra a 
contribution below the data by a factor 3-4. The 
pT-dependence is related by n ~ng~e = Hpa i r  - -  1. Correc- 
tions due to the internal transverse momenta would 
enhance the magnitude and steepen the single particle 
cross-section, i.e. F/single ~ F/pair -- 1. 
In the QCD model the predicted single particle 
spectra in the "hard scattering" limit are far below 
the data for PT < 6 GeV/c. For the pair cross-section 
we show that the QCD model in the "hard scattering" 
limit can be made consistent with the data for n + n 
pairs at FNAL energies. A test of our predictions 
at ISR energies would be needed to confirm this 
point. A crucial role in our fit is played by the gluon, 
and the pair cross-section can in fact be a quite 
sensitive probe of the gluon distribution and frag- 
mentation functions. 
A comparison of the QCD model with data on 
pairs with other quantum numbers shows that the 
predictions seem in general to be flatter than the 
data. At the high end of the experimental pT-range, 
pr-~3.3GeV/c, however, even pn- pairs are in 
reasonable agreement with the data. It should be 
noted that single particle spectra of protons have 
not been described by QCD-parametrizations [30]. 
An experiment separating the XT and PT-dependence 
for pairs involving baryons and kaons would be 
very interesting. 
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